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AN ENTROPY APPROACH TO BOSE-EINSTEIN
CONDENSATION
FRANCESCO DE VECCHI AND STEFANIA UGOLINI
Abstract. A proper one-particle relative entropy is introduced for the
ground state of trapped Bose particles and its asymptotic behavior under
the GP scaling limit is investigated. Some peculiar properties of the rela-
tive entropy allow to prove an existence theorem for the probability measure
associated to the GP functional and a related weak convergence result.
1. Introduction
The Bose-Einstein Condensation (BEC) of a dilute gas of Bose-particles is a
quantum phenomenon which qualitatively consists in reaching, when the temper-
atures are very close to the absolute zero under certain physical conditions, a
well-defined state of matter, called BE Condensate. The BE Condensate is mainly
characterized by the fact that a large fraction of bosons occupies the same lowest
quantum state.
In Quantum Mechanics this quantum state is systematically described by a
one-particle wave function which is the minimizer of the Gross-Pitaevski (GP)
functional , usually denoted order parameter. As a consequence it solves a sta-
tionary cubic non linear equation, noted as GP equation ([14],[26]).
From the mathematical point of view, the GP model of the BE Condensate
has been rigorously proved starting from the ground state of N interacting bosons
and exploiting a peculiar scaling limit of infinite particles known as GP limit
([19],[18],[17]). In particular it has been proved an Energy Theorem which states
that the mean ground state quantum energy of the N interacting bosons converges
to the GP ground state energy in weak L1 sense.
A recent stochastic approach to BEC ([20],[22],[23],[30]), based on Nelson’s
Stochastic Mechanics ([24],[25]), allows to describe the N interacting bosons with
a system of N interacting Nelson-Carlen diffusions, having a symmetric stationary
joint probability density.
On the other hand, being the GP functional a non linear one, a Nelson-Carlen
diffusion cannot be rigorously associated to it. Therefore the problem of finding
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a stochastic process able to correctly describe the motion of the single particle in
the BE Condensate is not trivial.
Anyway in [22], according to the Nelson map, a diffusion with a drift coefficient
of gradient type uniquely associated to the order parameter has been introduced,
denoted GP process, and it has been verified that it is a very good approximation
of the true one.
A transition to chaos result for the probability measure corresponding to the
N interacting Nelson-Carlen diffusions under the GP scaling limit has been stated
in [30]. Asymptotically the n-particles marginal density (n ≥ 1) weakly converges
to the n product of the one-particle GP probability density given by the square of
the order parameter.
In [22] it has also been introduced the relative entropy between the probability
measure associated to the N interacting Nelson-Carlen diffusions and the proba-
bility measure given by the product measure of N times the well-defined single GP
probability measure. Moreover it has been shown that the total relative entropy
is given by the sum of N copies of a sort of one-particle relative entropy.
In this paper we introduced a well-defined one particle relative entropy and,
exploiting a well-known chain-rule for relative entropy particularized for our case ,
we prove a useful upper bound estimate for our proper one-particle relative entropy.
From this estimate and the Energy Theorem([18]) we deduce an existence result
for a probability measure which is rigorously associated to the GP functional
through the GP probability density. Moreover we individuate for it a peculiar
characterization: it is absolute continuous with respect to the relevant probability
measure which can also be associated to the GP process. In addition, our existing
probability measure admits as probability density exactly the GP density.
Finally, exploiting the deep connection between relative entropy and weak con-
vergence, we prove the existence of a weakly converging subsequence of the one-
particle marginal of our N interacting Nelson-Carlen diffusions.
2. Nelson-Carlen Diffusions and Bose-Einstein Condensation
Nelson’s Stochastic Mechanics allows to study quantum phenomena using dif-
fusion processes instead of the standard analytical tools of Quantum Mechanics
([24],[25]). See [6] for a recent review on Stochastic Mechanics.
We will briefly introduce the class of Nelson diffusions which are associated to
a solution of a Schrödinger equation.
Let ψ(x, t) be a solution of the equation:
i∂tψ(x, t) = Hψ(x, t) (2.1)
with ψ(x, 0) = ψ0(x), corresponding to the Hamiltonian operator:




where m denotes the mass of a particle, and V is some scalar potential.
Denoting by:
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when ψ(x, t) 6= 0 and, otherwise, both u(x, t) and v(x, t) are set equal to zero. Let
us put
b(x, t) := u(x, t) + v(x, t) (2.4)
In a more general approach ([5]) the Nelson diffusions can be seen as contained
in the following diffusions class, which is characterized mainly by admitting the
probability density and the symmetry for time-reversal.
The space of proper infinitesimal characteristics is the space of the pairs (vt, ρ),
where ρt is a time-dependent probability density on R
d and vt a time-dependent
vector field on R3 defined ρt(x)dxdt − a.e so that:∫
Rd
f(x, T )ρ(x, T )dx−
∫
Rd






for all T ≥ 0 and all f ∈ C∞0 (Rd+1).
Let (Ω,F ,Ft, Xt), with Ω = C(R+,R3), be the evaluation stochastic process
Xt(ω) = ω(t), with Ft = σ(Xs, s ≤ t) the natural filtration.
Carlen ([3],[4],[5]) proved that if (vt, ρ) is a proper infinitesimal characteristic





for all T ≥ 0 and all f ∈ C∞0 (Rd+1), then there exists a unique Borel probability
measure P on Ω such that
i)(Ω,F ,Ft, Xt,P) is a Markov process;
ii) the image of P under Xt has density ρ(t, x);




is a (P,Ft)-Brownian Motion.
In this diffusions class the Nelson diffusions are properly those having:




The continuity problem for the above Nelson-Carlen map is investigated in [9].
For a generalization to the case of Hamiltonian operators with magnetic potential
see [27].
We adopt the following notations: capital letters for stochastic processes or,
otherwise, we will explicitly specify them, Ŷ = (Y1, ..., YN ) to denote arrays in
R3N and bold letters for vectors in R3.
The Hamiltonian introduced to describe the recent experiments ([15], [8]) on







△i + V (ri)) +
∑
1≤i<j≤N
v(ri − rj) (2.5)
where V is a confining potential and v a pair-wise repulsive interaction potential.
As it is suitable for Bose particles it operates on symmetric wave functions in
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L2(R3N ). Being the physical experiments realized at very low temperature, a
ground state approach to (2.5) is physically justified.
We consider the mean quantum mechanical energy







|∇iΨ|2dr1 · · · drN












v(r1 − ri)|Ψ|2dr1 · · · drN
the potential energy. The variational problem associated to HN consists in min-
imizing E[Ψ] with respect to the complex-valued function Ψ in L2(R3N ) subject
to the constrain ‖Ψ‖2 = 1. If such a minimizing function Ψ0N exists it is called a
ground state. The corresponding energy E0[Ψ
0
N ] given by
E0[Ψ
0
N ] := inf{E(Ψ) :
∫
|Ψ|2 = 1}
is known as ground state energy.
Under suitable assumptions on the potentials V and v one can prove the exis-
tence of the ground state Ψ0N of (2.5). As concerns uniqueness of the ground state
we mean that it is unique apart from an overall phase. For our purpose we need a
strictly positive and continuous differentiable ground state. See [28] (Thm.XIII.46
and XIII.47) for the regularities conditions on the potentials V and v implying
the strictly positivity and (XIII.11) for those implying the differentiability of the
ground state wave function.
In the particular case of the ground state solution Ψ0N the pairs of proper
infinitesimal characteristics are of the form
(ρN , 0), ρN := |Ψ0N |2,
√
ρN ∈ H1(R3N ).
Introducing the probability space (ΩN ,FN ,FNt , Ŷt), with Ŷt(ω) = ω(t) the
evaluation stochastic process, with FNt = σ(Ys, s ≤ t) the natural filtration, then
by Carlen’s Theorem there exists a unique Borel probability measure PN such that
i)(ΩN ,FN ,FNt , Ŷt,PN) is a Markov process;
ii) the image of PN under Ŷt has density ρN (r);













The stationary probability measure PN with density ρN can be alternatively
defined as the one associated to the Dirichlet form ([13]):





∇f(r) · ∇g(r)ρNdr3N , f, g ∈ C∞c (R3N ) (2.7)
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When Bose-Einstein condensation occurs, the condensate is usually described
by the order parameter φGP ∈ L2(R3), also called wave function of the condensate,






|∇φ(r)|2 + V (r)|φ(r)|2 + g|φ(r)|4)dr (2.8)
under the L2-normalization condition∫
R3
|φGP |2dr = 1
and where g > 0 is a parameter depending on the interaction potential v (see
also next assumption h3)). Therefore φGP solves the stationary cubic non-linear




△φ+ V φ+ 2g|φ|2φ = λφ, (2.9)
λ, the Lagrange multiplier of the normalization constraint, calling chemical poten-
tial. One can prove that φGP is continuously differentiable and strictly positive
([18]).
In [20] the stochastic quantization approach for the system of N interacting
Bose particles has been exploited for the first time.
It is proved in [22] that the Stochastic Mechanics of the N-body problem associ-
ated to HN uniquely determines a well defined stochastic process which describes
the motion of the single particle in the condensate, in the case of the Gross-
Pitaevskii scaling limit as introduced in [18], which allows to prove the existence
of an exact Bose-Einstein condensation for the ground state of HN ([18][16]). For
the time-dependent derivation of the Gross-Pitaevskii equation see [1] and [11].
3. Mean Energy Rescaling According to the GP Limit
For simplicity of notations, we will put ~ = 2m = 1. Let us consider the
mean energy (2.6) expressed in terms of the joint probability density of our
3N−dimensional process Ŷ as:
E[ρN ] = E{
N∑
i=1




bi being the drift of the interacting i-th particle, whose position is given by the
process Yi.
Following [18], we assume
h1) V (|ri|) locally bounded, positive and going to infinity when |ri| goes to
infinity.
h2) v smooth, compactly supported, non negative, spherically symmetric, with
finite scattering length a ([17] Appendix C).











where v1 has scattering length equal to 1 and remains fixed while N ↑ +∞.
Moreover g > 0 as a consequence of our assumptions on v.
The GP limit is a dynamical one, where the kinetic and potential energies
remain comparable ([21]).
In [18] an important theorem is proven. We denote it as Energy Theorem.










ρNdr2 · · · rN = ρGP (3.2)
where ρGP := |φGP |2, with φGP the minimizer of the Gross-Pitaevskii functional
(2.8) and the convergence is in weak L1(R3) sense.
Moreover let φ0 denote the solution of the zero-energy scattering equation for v
(i.e. −△φ0(r)+ 12v(r)φ0(r) = 0) under the boundary condition lim|r|→+∞φ0(r) =
1 and s =
∫





















V (r)ρN (r1, ..., rN ))dr1 · · · drN =
∫













4. A Transition to Chaos Result
We recall some useful results concerning the asymptotic behavior of our N in-
teracting diffusions (Y1, Y2, ..., YN ). The fixed time joint probability density of
(Y1, . . . , YN ) is given by ρN := |Ψ0N |2, which is invariant under spatial permuta-
tions. In [22] it has been proved that if Ψ0N is the ground state of HN and it is
strictly positive and of class C1, then the three-dimensional processes {Yi}i=1,...,N
are equal in law.
It has been proved in [30] the following:





ρNdrn+1 · · · drN







in the weak convergence sense.
With the usual notation
< µ, φ >=
∫
φ(x)µ(dx)
for a probability measure µ on Ω and φ ∈ Cb(Ω), we recall the following
Definition 4.2 ([29]). Let E be a separable metric space, uN a sequence of
symmetric probability measures on EN . We say that uN is u − chaotic, u a
probability measure on E, if for φ1, φ2, ..., φn ∈ Cb(E)
limN↑+∞ < uN , φ1 ⊗ φ2 ⊗ ...⊗ φn ⊗ 1 · · · 1 >=
n∏
i=1
< u, φi > (4.1)
The above definition can be reformulated by considering the standard projection
map of the uN on E
n and saying that the projection converges to u⊗n when N
goes to +∞ ([2], p.20).
In [30] it has been established
Proposition 4.3. Under the hypothesis h1),h2),h3), the symmetric law PN is
PGP -chaotic according with Definition 4.2.





where for all i: δYi(t) is a random measure on B(R3) such that, for all φ ∈ C0(R3)∫
φ(x)δYi(t)(dx) = φ(Yi(t))









i.e. the empirical measure of a set A is the relative frequency of particles which
stay in A at time t.
Following ([29]) it has been shown in [30] that the chaotic property in Propo-
sition 4.3 implies a non trivial convergence result for the empirical measures.






to the constant random variable PGP . In particular one has for N ↑ +∞ and
∀φ ∈ Cb(E):
EρN [(< YN − PGP , φ >)2] → 0
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5. One Particle Relative Entropy and Its Asymptotic Behavior
In this section the results contained in [22] and [23] are briefly recalled. Succes-
sively we prove some important consequences of the asymptotic behavior of the
one particle relative entropy.
We consider the measurable space (ΩN ,FN ) where Ω is C(R+ → R3), and F is
its Borel sigma-algebra. We denote by Ŷ := (Y1, . . . , YN ) the coordinate process
and by FNt the natural filtration.
Let us introduce a process XGP with invariant density ρGP , which is the square
of the order parameter, and try to compare it with the generic interacting non
markovian diffusion Y1(t).
We assume that XGP is a weak solution of the SDE














We denote by PN and P
N
GP the measures corresponding to the weak solutions
of the 3N - dimensional stochastic differential equations
Ŷt − Ŷ0 =
∫ t
0
b̂N (Ŷs)ds+ Ŵt (5.2)







ûGP (r1, · · · , rN ) = (uGP (r1), · · · , uGP (rN )),
Ŷ0 is a random variable with probability density equal to ρN , while Ŵt and Ŵ
′
t
are 3N -dimensional PN and P
N
GP standard Brownian Motions, respectively.
In this section we use the shorthand notation b̂Ns =: b̂
N(Ŷs) and û
N
s =: ûGP (Ŷs).
Following [22] we now compute the relative entropy between the three-dimensio-
nal one-particle non markovian diffusion Y1, first component of the interacting
diffusions system given by (5.2), and XGP .
In order to use Girsanov Theorem, we will assume that uGP is bounded. We
recall that under our hypothesis on the potentials v and V , ρGP is strictly positive
and in C1(R3)
⋂
L∞(R3) and therefore uGP ∈ L2(R3) (see [18], Thm 2.1). Then








‖ ûGPs ‖2ds <∞, (5.5)
which follow from the fact that Ψ0N is the minimizer of E
N [Ψ], and our hypothesis
on uGP . It is well known that these are also finite entropy conditions which imply
that ∀t ≥ 0
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PN |Ft ≪ Ŵ |Ft , PNGP |Ft ≪ Ŵ ′|Ft











‖b̂Ns − ûGPs ‖2ds}, (5.6)
where |.| denotes the Euclidean norm in R3N . The relative entropy restricted to
Ft reads









‖b̂Ns − ûGPs ‖2ds (5.7)
Since under PN the 3N -dimensional process Ŷ is a solution of (5.2) with in-



















‖b̂N(r1, . . . , rN )− ûGP (r1, . . . , rN )‖2ρNdr1 . . . drN (5.8)
























‖bN1 (Ŷs)− uGP (Y1(s))‖2ds, (5.9)
where the symmetry of b̂N and ρN has been exploited.
Finally we get the sum of a sort of N identical one-particle relative entropies,
each of them being defined by










‖bN1 (Ŷs)− uGP (Y1(s))‖2ds (5.10)
By the Energy Theorem we can deduce that for any t > 0 the one particle
relative entropy does not go to zero in the scaling limit but it is asymptotically
finite. Here we want to take advantage of this non trivial fact.
In particular from (3.3) we obtain that:
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‖bN1 (Ŷs)− uGP (Y1(s))‖2ds = C (5.11)
where C is a positive constant.
In the next Lemma we extend to our case a useful chain-rule for the relative
entropy.
Lemma 5.1. We consider M = X × Y , where X and Y are Polish spaces. Let P
be a measure on M and Q1 and Q2 measures on X and Y respectively. We denote
by Q = Q1 ⊗ Q2 the product measure on M of the measures Q1 and Q2 and we
suppose that P ≪ Q. Then we have
H(P|Q) ≥ H(P1|Q1) +H(P2|Q2), (5.12)
where P1 and P2 are the marginal probabilities of P.
Proof. Following [10] we can prove that:




where P(·|x) and Q(·|x) are stochastic kernels on Y givenX for which the following
decompositions hold:
P(dx× dy) = P1(dx)⊗ P(dy|x) Q(dx× dy) = Q1(dx) ⊗Q(dy|x).



















































We have P1({Ψ > 0}) = 1 and Q1({Γc}) = 1 and, by absolute continuity,
P1({Γc}) = 1. So we obtain:
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H(P|Q) =
∫














































where Jensen’s inequality applying to the convex function xlogx has been used.















f(x, y)Q(dx|y) = Φ(y) = dP2
dQ2
the proof is completed. 
We now consider the one-particle marginal P1N of the symmetric measure PN ,
defined on ΩN and we put PGP := P
1
GP on Ω.
The following theorem holds.
Theorem 5.2 (Marginal Entropy Estimate). For the relative entropy of the one-
particle marginal P1N versus the measure PGP one has:
H(P1N |PGP ) ≤
1
N
H(PN |PNGP ) (5.15)
Proof. We can use Lemma 5.1. In fact if we decompose ΩN = Ω × ΩN−1 the
hypothesis in Lemma 5.1 are satisfied and we obtain:
H(PN |PNGP ) ≥ H(P1N |PGP ) +H(PN−1N |PN−1GP ), (5.16)
where with PN−1N we denote the marginal of PN with respect to N − 1 particles
and, of course, for the symmetry of PN it does not matter which particles we take.
Applying again Lemma 5.1 we have:
H(PN−1N |PN−1GP ) ≥ H(P1N |PGP ) +H(PN−2N |PN−2GP ), (5.17)
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So with N − 2 consecutive applications of Lemma 5.1 we obtain the thesis. 
The next theorem states that in the GP scaling limit there exists an asymptotic
probability measure which is absolutely continuous with respect to the probability
measure PGP , weak solution of the three-dimensional SDE (5.1).
Theorem 5.3 (Existence Theorem). On the space (Ω,F ,PGP ) there exists a prob-
ability measure P̂ such that:




ii) P̂ is absolutely continuous with respect to PGP ;
iii) P̂ admits a probability density given by ρGP .
Proof. As a consequence of the non trivial asymptotic behavior described in (5.11)
and from Theorem 5.3 we have that there exists a constant A > 0 such that for
all N one has:
H(P1N |PGP ) < A
It is well-known that the relative entropy has the crucial property of the compact-
ness of level sets. More precisely, for each probability measure ν ∈ P(Ω), with
P(Ω) denoting the space of all probability measures on Ω, H(·|ν) has compact
level sets, that is, for each A < +∞ the set {µ : H(µ|ν) ≤ A} is a compact subset
of P(Ω). Therefore from the weak compactness of the sub-levels of the relative
entropy (see [10] Lemma 1.4.3 pp.29) there exists a probability measure P̂ and a
subsequence P1Nj of P
1
N such that when j goes to infinity
PNj −→ P̂
in the weak convergence sense.
Moreover, since:
H(P̂|PGP ) < liminfH(P1Nj |PGP ) ≤ A
we have that P̂ is absolutely continuous with respect to PGP .
Finally, being P̂ absolutely continuous with respect to PGP , P̂ is also absolutely
continuous with respect to the Lebesgue measure with density ρGP . 
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